ITEP-TH-35/12 



Characteristic Classes of SL(N, C)-Bundles and 
Quantum Dynamical Elliptic R-Matrices 

A. Levin,^ tt m. Olshanetsky,* A. Smirnov, b * A. Zotov * 

" - Institute of Theoretical and Experimental Physics, Moscow, 117218, Russia 
Laboratory of Algebraic Geometry, GU-HSE, 7 Vavilova Str., Moscow, 117312, Russia 
b - Math. Dept., Columbia University, New York, NY 10027, USA 

E-mails: alevin57@gmail.com; olshanet@itep.ru; asmirnov@itep.ru; zotov@itep.ru 



3; 



Abstract 

We discuss quantum dynamical elliptic R-matrices related to arbitrary complex simple 
Lie group G. They generalize the known vertex and dynamical R-matrices and play an 
intermediate role between these two types. The R-matrices are defined by the corresponding 
characteristic classes describing the underlying vector bundles. The latter are related to 
elements of the center Z(G) of G. While the known dynamical R-matrices are related to the 
bundles with trivial characteristic classes, the Baxter-Belavin-Drinfeld-Sklyanin vertex R- 
matrix corresponds to the generator of the center Zm of SL(N). We construct the R-matrices 
related to SL(N)-bundles with an arbitrary characteristic class explicitly and discuss the 
corresponding IRF models. 



1 



Contents 



1 Introduction [3 

2 Characteristic Classes of Bundles over Elliptic Curves and i?-Matrices 4 

2.1 Characteristic classes of bundles over elliptic curves 4 

2.2 Elliptic i?-Matrices E 

3 Quantum .R-Matrices Related to SL(iV, C) [§ 

3.1 The Moduli Space of SL(iV, C)-Bundles over Elliptic Curves Is 

3.2 Description of the Adjoint Bundles and the Model of Interacting Tops 1C 

3.3 Baxter-Belavin-Drinfeld-Sklyanin and Felder Quantum i?-matrices 11 

3.3.1 Non-Dynamical Case: Baxter-Belavin-Drinfeld-Sklyanin vertex i?-Matrix 11 

3.3.2 Dynamical Case: Felder ii-Matrix 12 

3.3.3 Classical Limits 13 

3.4 General Quantum i2-Matrices for SL(iV, C)-Bundles 13 

3.5 Trigonometric and Rational Limits [17 

4 Dynamical i?-Matrices and Integrable systems G 

4.1 IRF models 18 

4.2 Elliptic Quantum Groups [19 

5 Appendix: Elliptic Functions G 

5.1 Basic Definitions and Properties 19 

5.2 Lie Group GL(iV,C) and Elliptic Functions E 

References £ 



1 Introduction 

The quantum dynamical i?-matrices and the Quantum Dynamical Yang-Baxter (QDYB) Equa- 
tion, they satisfied, introduced by G. Felder [HE], while without the spectral parameter these 
structures appeared earlier [21 El [5] . The classical version of the QDYB equation is the Classical 
Dynamical Yang-Baxter Equation and its solution is the classical dynamical r-matrix. The clas- 
sification of the classical dynamical r-matrices with the elliptic spectral parameter was proposed 
in [6]. 

The standard elliptic quantum ii-matrix does not depend on dynamical variables [TOl E] 
(see also [El E])- It is defined only for the group G = SL(N, C). We will refer to it as Baxter- 
Belavin-Drinfeld-Sklyanin i?-matrix. The quantum .R-matrix and the Yang-Baxter equation are 
the key tools for the Quantum Inverse Scattering Method |llj-|17j. In particular, they define the 
commutation relations in the vertex-type models and the corresponding Sklyanin-type algebras 

[nana [is. 

On the other hand, the Felder R- matrix depends on additional dynamical variable u G f), 
where f) is a Cartan subalgebra of q = Lie(G). It is related to the IRF models of statistical 
mechanics [2]. 

Here we consider an intermediate situation. It arises when G is a simple Lie group with a 
non-trivial centers, i.e. when G is a classical group or Eq and Ey. In these cases the dynamical 
parameter belongs to some subalgebra f)° of the Cartan subalgebra I) of the Lie algebra q. At the 
classical level the problem was investigated in our previous papers |21U22t l2"3" l l24|. In particular, 
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we constructed there the classical elliptic r-matrices. They complete the Etingof-Varchenko 
classification [6], where the case f)° = f) was considered. 

The quantum version of classical construction [6J was proposed in |25j . The construction of 
the quantum i?-matrices is more elaborate. It depends essentially on the representation space 
V. We suggest that upon the appropriate choice of V the i?-matrices can be constructed in 
the general situation as in the case fj° = f) and G = SL(iV, C). We demonstrate it explicitly 
i?-matrices for SL(iV, C) with elliptic dependence of the spectral parameter. If N is a prime 
number there is only two types of i?-matrices exists. The first one is the Baxter-Belavin-Drinfeld- 
Sklyanin vertex .R-matrix [HE], and the second type is the Felder dynamical i?-matrix [2J. But 
if N = pi, (p ^ 1, N), then there exists new types of i?-matrices. Their construction is the main 
result of this paper. 

While different universal structures related to the Yang-Baxter equations are well studied 
for arbitrary simple Lie group in trigonometric and rational cases |26|-|35]. the elliptic solution 
of the QDYB equation with spectral parameter (|2,12p is known only in SL(iV, C) case |36|-|41j. 

In the An_i case the center of G = SL(iV, C) is the cyclic group fiN = Z/JVZ. Represent 
elements of as exp , j = . . . , N — 1. Then the Felder 's case corresponds to j = while 
the Baxter-Belavin-Drinfeld-Sklyanin's one appears from j = 1. The intermediate situation 
takes place when j = p > 1 and N = pi. In this case dim f) = g.c.d(j, N) = p > 1. 

The purpose of the paper is to construct the quantum elliptic dynamical i?-matrix in 
the intermediate case. The answer is given by the Theorem 13.11 (Section I3.4|) . It is shown that 
the suggested i?-matrix satisfies the QDYB equation (|2.12p with u G C C f)o (refC). The result 
is schematically presented in Table 1. The last column is the case of our interest. 



c = 


1 


exp(^) 


exp(^p), N = pl 


i?-matrix 


Felder Case 


Baxter-Belavin-Drinfeld-Sklyanin Case 


Intermediate Case 



Table 1. 

i?-matrices corresponding to different characteristic classes of SL(iV) bundles. 



The classical integrable system corresponding to the intermediate case is the system of in- 
teracting elliptic tops [21J. Our goal is to quantize its classical r-matrix. 

It should be mentioned that the dynamical and non-dynamical elliptic .R-matrices are related 
by the dynamical twist [421 143] ( see also [44J-[47J). This twist was interpreted as a modification 
of bundle (or Hecke transformation) in |48] . At the classical level it acts by a singular gauge 
transformation on the Lax matrices and relates the models of Calogero-Ruijsenaars type [51]-]58] 
with the elliptic Euler- Arnold tops [59j 2HJ [60] . In the theory of integrable models of statistical 
mechanics this Hecke transformation defines a twist providing a passage from the so-called 
IRF type models [6H [62] to the Vertex type models [12J H3], [63]-[66]- In the isomonodromic 
deformations problem |67t ItJH] corresponding to the Hitchin systems |69]-[74] on elliptic curves 
the modification relates Painleve VI equation and nonautonomous Zhukovsky-Volterra gyrostat 
[TSJ ESI EH ES] ■ The field (1+1) generalizations of the Hitchin-Nekrasov (Gaudin) models are 
discussed in [HI [79l [80] . They describe the continuous limit of the integrable chains. In terms 
of a gauge field theory the Hecke transformation can be explained as a monopole solution of the 
Bogomolny equation j8TJ [82j [S3] . 

The paper is organized as follows: in the next section we review construction of bundles over 
elliptic curves and define classical and quantum elliptic i?-matrices, related to these bundles. In 
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Section 3 we, first, recall the known quantum i?-matrices corresponding to the first and second 
columns in the Table 1. Then the quantum R- matrix for the intermediate case is suggested (|3.26p 
and the QDYB equation is verified (Theorem 3.1). Finally, we discuss possible applications of 
the obtained solution of the QDYB equation to IRF models. 
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2 Characteristic Classes of Bundles over Elliptic Curves and 
/^-Matrices 

2.1 Characteristic classes of bundles over elliptic curves 

Let G be a complex simple Lie group with a nontrivial center 2(G). A simply-connected 
group G in all cases apart G2, i*4 and Eg has a non-trivial center Z(G) ~ P v /Q v , where P v , 
(Q v ) is a coweight (coroot) lattice in the Cartan subalgebra f). The center 2(G) is a cyclic 
group except q = Dm- In the latter case the group G = Spiri4 n (C) has a non-trivial center 

2(Spin 4n ) = (a4 x V2) , = Z/2Z. 

The adjoint group is the quotient G ad = G/2(G). For the cases A n _i (when n = pi is 
non-prime) and D n the center 2(G) has non-trivial subgroups Z\ ~ \i\ = Z/ZZ. Assume that 
(p, I) are co-prime. There exists the quotient-groups 

Gi = G/2i , G p = G l /2 p , G ad = G l /2(G l ), (2.1) 

where 2(G\) is the center of G[ and 2(G\) ~ \i v = 2(G)/2i. Let N = Ord(2(G)). Then we 
come to the diagram: 




'ad 



Let £g is a principle G-bundle over an elliptic curve E T = C/(Z + rZ). We define a holomor- 
phic G-bundle E = £q xq V (or simply Eg) over X] r . The bundle Eq has the space of sections 
T(Eq) = {s}, where s takes values in V. The bundle Eg is defined by transition matrices of its 
sections around the fundamental cycles. Then sections of Eq(V) assume the quasi-periodicities: 

s(z + 1) = Q(z) s(z) , s(z + t) = A(z) s(z) , (2.2) 
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where Q(z) , A(z) take values in the representation of G. Then Q(z) , A(z) satisfy the following 
equation 

Q(z + T)A J (z)Q(z)- 1 Aj 1 (z + l) = Id. (2.3) 

It follows from [90j that it is possible to choose the constant transition operators. Then we come 
to the equation 

QAQ~ 1 A~ 1 = Id. (2.4) 

Solutions of this equation are defined up to conjugations form the moduli space of E G bundles 
over E r . We can modify (|2.4p as 

QAQ^A- 1 = (Id, 

where ( is a generator of the center Z(G). In this case (Q, A) are the clutching operators for 
G ad -bundles, but not for G-bundles, and ( plays the role of obstruction to lift the G arf -bundle 
to the G-bundle. 

More generally, consider solutions of the equation 

QA p Q- 1 Aj p = ( p Id, (2.5) 

where p = ord(Z(G))/l, and therefore ( p E Z\. It means that ( p is obstruction to lift the 
G^-bundle to the G-bundle. 

The obstructions can be formulated in terms of cohomology of E T . Namely, the first coho- 
mology H 1 (T, T , G(0^ T )) of S T with coefficients in analytic sheaves G(0^ T ) define the moduli 
space -M(G, S r ) of holomorphic G-bundles over E T . Using (|2.ip we write three exact sequences 

1 ->• Z(G)) ->• G(0 Et ) -> G ad (0^ T ) -> 1 , 

1^Z^G(O s J^GKOeJ^1, 

1 -> Z(Gi) -> GKOs T ) -> G ad (0 Sr ) -> 1 . 

Then we come to the long exact sequences 

-> -ff 1 (S T , G(0 E )) -> ^(S r , G ad (0 s )) -> 2 (£ T , Z(G)) ~ Z(G)) -> , (2.6) 

-> ^(^^(Oe)) -> ^(S^G^Os)) -> H 2 (^ T ,Z t ) ~ mj -> 0, (2.7) 
-> // 1 (S r ,G z (Os) -> H 1 (E r ,G ad (0 s )) -> tf 2 (£ T ,Z(G,)) ~ ^ P -> 0. (2.8) 
The elements from H 2 are obstructions to lift bundles, namely 

Q(E G ad) E H 2 (Y> T , Z(G)) — obstructions to lift i£ G ad — bundle to Eq — bundle, 
((Ed) E i? 2 (S T ,Z/) — obstructions to lift — bundle to Eq — bundle, 
( v (E G ad) E H 2 (T, T , Z(Gi)) — obstructions to lift E G ad — bundle to E G i — bundle. 

Definition 2.1 Images of H l (Y, T , G(C E )) in H 2 (T, T ,Z) are called the characteristic classes 
((Eg) of G-bundles. 

Let P v , (Q v ) be the coweight (the coroot) lattice in f). Then Z(G) = P v /Q v [.86]. If Z(G) 
is cyclic, [_| then there exists a fundamental coweig ht w y E P v generating Z(G). It means that 
Ord(Z(G))zu v E Q v - Similarly, is generated by the coweight tuj such that lw y - E Q v . 

In the case G = Spin 4 n the center 2(Spin 4 n) is generated by the coweights corresponding to the left and to 
the right spinors. 
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It was proved in [22] that for generic bundles the solution of the equation (|2.5p can be written 
as| 

Q = e(n), AP = e(u)A . (2.9) 
k = e (p v /h) , p v = — °^ j ^ — Coxeter number , 

a v >0 

where {a v } are co-roots of g. The element Ao is uniquely defined by the element from Z(G) 
which is an element of the Weyl group W(f)) that acts as a symmetry of the extended Dynkin 
diagram [86J. Moreover, u S Ker (Ao — Id) and u belongs to Cartan subalgebra l)o C I), where 
f) is a Cartan subalgebra containing Q. An element from Ijo plays the role of a parameter in 
the moduli space Mg of holomorphic bundles Eq over S r . The subalgebra f)o is a Cartan 
subalgebra of invariant subgroup go [22] ■ 

More exactly, u belongs to a fundamental domain C r of the affine Weyl group W x (rr v ©r), 
where T is a sublattice in f)o CTC : 

uGC r = i)o/(wx(rrer)). (2.10) 

The subalgebras [)o C f) were classified in [22J. 
2.2 Elliptic i?-Matrices 

A general form of the quantum dynamical (modified) Yang-Baxter (QDYB) equation related 
to a simple complex Lie group G has the following form. Let f) be a commutative subalgebra 
f) C g =LieG, f)* is the dual space. Consider finite-dimensional G-modulus Vj, (j = 1,2,3) and 
let V = ©(jgpl^. be the weight decomposition. Let z £ C be the spectral parameter. The 
quantum elliptic dynamical i?-matrix is the map f)* x C — > Aut(Vj ® Vk), (j, k = 1,2, 3), j ^ fc, 
depending on the Plank constant h. R satisfies the following conditions: 

• R has fixed periodicities with respect to the lattice Z + rZ C C. Let Q and A be some 
fixed elements of G (transition functions). Then 

R(u,z + 1) = Ad Q R(u,z) , R(u,z + t) = Ad AP{u) R(u,z) , (2.11) 

where the adjoint operators f|2.9[) act on the first factor Vj®Vk. It means that i?(u, z) is a 
section of a bundle A\it(Vj<g)Vk) over the elliptic curve S T = C/(Z©rZ) and the dynamical 
parameter u play the role of the tangent vector to the moduli space of the bundle. 

• R satisfies the QDYB equation in End (V (8) V ® V) 

R 12 (u - he 3 , z 12 )R 13 (u + he 2 , z 13 )R 23 (u - he l ,z 23 ) = (2.12) 

R 23 (u + he 1 , z 23 )R 13 (u + he 2 , z 13 )R 12 (u, +he 3 , z 12 ) , (z jk = Zj - z k ) . 

The shift of the dynamical parameter u — he? means, for example, that R^y 2 (u — he 3 ) 
acts on the tensor product v\ ® v 2 ® v 3 as Ry iV2 (u — hps) if ^3 G V^f/is]. 

• The unitarity condition 

R 12 (u,z 12 )R 2l (u,z 21 ) = Id v ®v, (2.13) 
2 For brevity we omit the index j in H2.5[) . 
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• The weight zero condition 

[X 1 +X 2 ,R 12 (u,z 12 )} = 0, VXefjo- (2.14) 

• The quasi-classical limit H — )■ 

R( u , z) = \ld ®Id + r(u, z) + 0(h) , (2.15) 

where r(u, z) is the classical dynamical r-matrix, related to the Eg bundle, defined below. 
In this sense R(u,z) is a quantization of the classical dynamical r-matrix r(u, z). In 
particular cases we obtain in this way the classical non-dynamical elliptic Belavin-Drinfeld 
r-matrix [9], or classical dynamical elliptic r-matrix [84, 85J. The latter type of r-matrices 
were classified in [6]. 

These conditions do not define the i?-matrix uniquely. There are additional transformations 
corresponding to shifts along the dynamical parameter. We will not discuss this issue here. 

Let us focus now on the classical r-matrix in (|2.15|) . We define the classical dynamical r- 
matrices (CDRM) following [22]. In general case they have the following form. To define the 
r-matrices for arbitrary characteristic classes let us define the special basis (the general sine basis 
(GS basis)) in the Lie algebra q [22]. In the Cartan subalgebra it is defined in the following way. 
Let (ei, e2, • • • , e n ) be a canonical basis in f), ((ej, e^) = bjk) El Consider the A action (A' = Id). 
Since A preserves f) we can consider the action A of A on the canonical basis. Define an orbit of 
length l s = l/p s passing through e s 

0(s) = {e s ,\(e s ),...A (l - 1) e s) }. 

1 f— j ?7r? 
W^E"™^.), CGJ ^' ^ = exp(—), 

* m=0 

where J Ps = {c = mp s mod{l) \m € Z}. Define the quotient C\ = (ei, e 2 , • • • , e n )//i;. Then we 
can pass from the canonical basis to the GS basis 

(ei,e 2 ,... ,e n ) < — > {t) c s , s G C J . 

Now replace the root basis Ep in g by the GS-basis 

1 l ~ 1 2-ni 
e p = 7/7 Yj u ma E xm{p) , w = exp , aeJp. 

m=0 

This transformation is invertible E^k^ = 4= X^aeJ; w_fca t|- The commutation relations have 
the following form: 



5=0 (2.16) 



3 For A n and E% root systems it is convenient to choose canonical bases in F) 1 
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j, k im 



J_ , ,-ks 2(Q,A s /3) ,k+m 

2-> W {a, a) X /3 



It is convenient to represent r(u, z) as a sum of the Cartan and off-Cartan part: 

r(u, 2) = r(z) = r R (z) + r^(z) . 



1 



a=0 a£R 
l-l 

o= a G n 

where functions </J^,(z) are defined in (|A.34p , 



(2.17) 



(2.18) 



3 Quantum i?-Matrices Related to SL(iV,C) 

We apply the general construction of the quantum i?-matrix to the case G = SL(iV, C) and V 
is the standard vector representation. We pass from the GS-basis to the tensor basis (|3.13|) and 
write in this basis the transition matrices Q and A. 

3.1 The Moduli Space of SL(iV, C)-Bundles over Elliptic Curves 

The dynamical parameter u belongs to the moduli space of vector bundles over elliptic curves. 
We describe here. We identify fj* and f) C sl(N, C) by means of the standard metric on C . 
The roots and coroots for sl(iV, C) coincide and therefore the coroot lattice Q y coincides with 
the root lattice Q. Let {ej} be the standard basis in C^. Then 

generated by the simple roots II = = {a\ = e\ — e<i ... , a/v-i = e-N-i — ctv}- 



The fundamental weights w k , 



1, . . . , N — 1), dual to the basis of simple roots IT ~ II 



(w k {a\) = 6 kj ), 



arc 



ZU ; 



e\ + . . . + ej 



3 N 



N 



i=i 



_ _ ( N-l _J_ _J_\ 
ro l ~l JV i TV> " " " ' N > 
_ ( N-2 N-2 __2_-> 
2 I JV ) TV ' • ' • ' TV ' 



(3.2) 



k S7/V-1 = ( 



1 1 



TV' TV ' ' ' ' ' TV 



Similar to the roots and coroots we identify the fundamental weights and the fundamental 
coweights. They generate the weight (coweight) lattice 

N 1 

Pet), P = n l w l I n l ^ ' or P = "ijCj , mj € — Z , mj — E Z} . (3.3) 
i j=l 

The quotient-group P/Q is isomorphic to the center Z(SL(N,C)) ~ /xtv- It is generated by 
( = exp 27riroi . 
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For the trivial bundles corresponding to the Felder i2-matrix we have few moduli spaces 
C l (|2,10p . corresponding to a choice of the sublattice Pi. If N is a prime number then we have 
two options only . Let 



C = {u G C v \$te Ul > Keu 2 > ... > ^eu N ] 

be a positive Weyl chamber . Then similar to the lattice Pi in (|2.10|) we may take Q (Z = 1) 
(|3.1|) . or P (Z = N) (|3.3p . Then we come to the two types of alcoves 

C 1 = {u G C + | Uj ~ Uj + mj + rrij , nj,mj G Z , n 3 - = ntj = 0} , (3.4) 

3 j 

C N = {u G C 1 1 nj,rrij G — Z , nj — £ 7* , rrij — rrik G Z } . (3.5) 

C 1 is the moduli space of SL(iV, C)-bundles, while is the moduli space of trivial PSL(iV, C)- 
bundles (i.e PSL(iV, C)-bundles that can be lifted to SL(N, C)-bundles). 

If N is not prime, then there are another sublattices of the weight lattice. For example, if 
N = pi there are 

C l = {u G C 1 | rij, rrij G yZ , rij — n& G Z , rrij — G Z } , 

C p = {u G C 1 1 rij,mj G — Z , rij — G Z , rrij — m& G Z } 

in addition to C 1 and C N . They are the moduli space of trivial G p = SL(iV, C)//i p and = 
SL(iV, C)/m bundles. In general, the number of different moduli spaces corresponds to the 
number of the prime factors of N. 

Consider nontrivial bundles with transition matrices satisfying (|3.8p . where £ can be repre- 
sented as C = e(ro p ), 



N-p N-p p p\ (l-l l-l 1 1 



N ' N ' N' N) V Z Z T Z 



, (Zro p G Q) 



N-p 



It is a generator of the group and in this way is the obstruction to lift the Gi = SL(iV, C)///j 
bundle to the SL(iV, C)-bundle (see (|2.7p ). We consider the root Qi and the weight Pi lattices 
in t)o (|3.9|) . In the canonical basis ej = Ejj, (j = 1, . . .p) they have the form (|3.1|) . (|3.3p . In 
particular, 

p I p 

Pi = {l = , n j £ _ Z , rij = , nj — nk G Z} . 

3=1 P 3=1 

It is an invariant sublattice of P. 

If p is a prime number, then, similarly to ()3.4p and (|3.5[) we have two types of the moduli 
spaces 

v P 

C 1 ' 1 : ~ uj + Tnij + nj , rij, rrij G Z , = rrij = , (3.6) 

3=1 3=1 

and for 

C'' p : Uj ~ + rrrij + nj , rij, rrij G -Z , (3.7) 
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rij = rrij = , nj — G Z , mj — G Z . 
i=i j=i 

If p is non-prime we have additional types of the moduli spaces as it was given above for the 
trivial bundles. 

3.2 Description of the Adjoint Bundles and the Model of Interacting Tops 

In [2T] the classical integrable models corresponding to SL(iV, C)-bundles with nontrivial char- 
acteristic classes were studied. Let us recall the results. We consider the SL(iV, C)-bundles 
with 

N = lp, l,peZ 



defined by its multiplicators (|2.2p with the center element 

/ 27ri . , 2iri . „ , „ 

C = exp(p— ) = exp(— ) G Z/NZ 

from the condition (|2.5p . The multiplicators can be written explicitly in terms of SL(iV, C)- 
valued generators of the finite Heisenberg group (|A.26j) and ()A.27[) : 

QAPQ^A-p = exp(p^)Id , Q, A G SL(N, C) . (3.8) 

The dimension of the moduli space of these bundles equals g.c.d.(N,p) =p [871 ES EH] . Indeed, 
it is easy to see that the following Cartan element of the Lie algebra u G f) C sl(N, C) commutes 
with both Q and A p : 

I 

u = diag(«i, ...,Up,ui,...,u p , ...,ui,...,u p ) = u pxp , (Y7j=i u j = °) > 

Upxp = diag(«i, u p ) G fj C sl(p, C) , (3.9) 

Ad Q u = 0, Ad A u = . 

It was shown in [21J that there exist such a number matrix S (combination of permutations) 
that 

v 

SuS' 1 = ujld lxl , 
J=i 

SQS~ 1 = ®e(H)Q ix| , (3.10) 
J=i 

^A^- 1 = A lxl . 
j=i 

The later means that any section L(z) G r(End(£'sL(jv,c)(^'))) has the following quasiperiodicity 
properties: 

| + 1) = e (^) Q pxp Lu(z)Qj^ p n 

\ L/j(z + r) = e(-u/)Ap Xp L/j(z)A~ x 1 p e(nj) 



The factor e (^-jf-) can be removed by 



Luiz) -> Ljj(z)e 
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Finally, the boundary conditions are of the form: 

( L LJ {z + 1) = QpxpLij(z)Q~^ p , 3 
\ L IJ (z + T) = e(-u I )A pxp L IJ (z)A^ p e(uj) 

Therefore, it is natural to use the following basis 

E^ = E ij <g>T a e^(N,C), EijegfaC), T a E gl(/, C) (3.13) 

in the Lie algebra gl(iV, C), where is a standard matrix basis in gl(p, C) (generated by the 
fundamental representation of GL(p, C)) and T a is the basis of gl(/,C) defined in (|A.29|) - (|A.32|I . 
The basis (|3.13p will be used in Section 13.41 to construct the quantum i?-matrix. 

The described type of bundles were used in [21] in order to construct the " models of inter- 
acting tops" . 

3.3 Baxter-Belavin-Drinfeld-Sklyanin and Felder Quantum i?-matrices 

As we told there exist two extreme cases in the description of the i?-matrices. First case is 
the vertex i?-matrices [101 [7J. These i?-matrices correspond the SL(N, C) bundles with the 
characteristic classes £ = exp ^?p 3 where k and N are coprime. In this case f)o = 0- It is so- 
called non-dynamical i?-matrices. Another case corresponds to the SL(iV, C) bundles with the 
trivial characteristic classes £ = 1 [H[25]. We first consider the .R-matrices for these two cases. 
The i?-matrices satisfy the non-dynamical or dynamical Yang-Baxter equations correspondingly. 
The later equations are 

R 12 {z - w)R 13 (z)R 23 (w) = R 23 (w)R 13 (z)R 12 (z - w) , (3.14) 

R 12 (u, z-w)Ri 3 (u-ht)(2), z)R23(u,w) = R 23 (u-ht)( 1 ),w)Ri 3 (u,z)R 12 (\i-ht]^,z-w) . (3.15) 

3.3.1 Non-Dynamical Case: Baxter-Belavin-Drinfeld-Sklyanin vertex i?-Matrix 

The elliptic non-dynamical i?-matrix is related to SL(N, C). It is defined in the basis (|A.29|) as 
follows: 

RM= Va{z,u a + h)T a ®T_ a (3.16) 
aerjv 

Proposition 3.1 The Baxter-Belavin-Drinfeld-Sklyanin R-Matrix L3.16\) satisfies the Quantum 
Yang-Baxter equation [3.1$ [T}'. 

Proof : 

Consider a basic component of the tensor product T a ® T_ a _ b ® Tf. 

^ K0,0Ka,bK 2 a+2b,c¥a-c(u a ~ U) c + H, Z - w)<p c (u c + K z)(f_ b _ c (-LJ b - LO c + H,w) = 

c<=r N 

^ K0,0K b!a K Cj2a+2b ip a - c (uJ a -U c + h,Z- W)ip c (u c + H, z)(f_ b _ c (-LJ b - LO c + ft,, w) 

Making the shift c -4 — c — b in the l.h.s. we have the following expression for (l.h.s.)-(r.h.s.): 

XI K 0,0H, a K-c,2a+2b( K ^a+b+c(^a + 0J b + U c + k, Z - U))(p_ b _ c (-LJ b - UJ C + ft, z)(f c (u) c + %V))- 

a=r N 
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Lp a _ c {u a - Ld c + h,Z- w)Lf c (uj c + k, Z)ip^ b _ c (-U b -LJ c + h, wfj = 

Using (|A.22p in the case a + b ^ mod IV we get: 

= <Pa(u a + 2H, z)ip_ a _ b (-U a - UJ b , w) ^ K0,0^,a K c,2a+26 X (3.17) 

cer^ 

(Ei(u) a + UJ b + u c + h) - Ei(oj a -u c + h)+ E 1 (-u b -uj c + h) - El(iJ c + h)) = 

Indeed, Ko,o^b,aKc,2a+26 is invariant under the substitution c — > c — a — b. Then making this shift 
in the first [E\{w a + u b + uj c + K)) and the third (Ei(—u b — uj c + K)) terms one can see that the 
whole sum vanishes. 

In the case a + b = mod Tn it follows from (|A.24|) for (l.h.s.)-(r.h.s.) that: 

ip a (uj a + 2H, z) f—^—S\ ^ (E 2 (io c + h)- E 2 (io a -u e + H)) = 0, 

cer^ 

where the normalization factor i = k (0j 0) appears from (|A.30p . ■ 

3.3.2 Dynamical Case: Felder i?-Matrix 

The Felder i?-matrix is defined as follows [T]: 

p N 

#12(11,2) = ^2r ij (u,z)E ij <g) Eji + ^p^E^® E vv , (3.18) 

i,j fp£v 

where 

ry(u, z) = rij(z) = (p(uij + 5ijh, z), pij = (j>(-Uij,K), tiy = u» - it, 

and 

#13(2, u - nf)( 2 )) = ^ r mn (z)£; mn (8) £? ss <8 £ nm + ^ P^E^ (8) -E ss (8 

m,n,s 77^5 

We use "check" "to indicate the possible shift of the argument of #13 by — M)( 2 ): 

N N 

^ r mn (2)£ m n (8) -E^s <8 -E„ m = ^ </>(n mn + £ mn ^ - h5 ms + M ns , z)-Emn (8) E ss (8 £? nm (3.19) 

m,n,s m,n,s 

N N 

y] P 7 5-E , 77 <8 -Ess <8 -Egg = ^ 4>(—u^ + <5 ST ft - <5 S £7i, ft)£ 77 (8 -Ess <8 i% 

Proposition 3.2 T/ie Felder R-Matrix li,°3.18\) satisfies the Quantum Dynamical Yang-Baxter 
equation \3.15\) . 

We omit here the proof of this Proposition since it is contained as a particular case of more 
general structure which will be discussed in Section [37 
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3.3.3 Classical Limits 

Let us also make the classical limits of the quantum i?-matrices (j3. 16j) . (|3. 18p : 

r? 2 D (z,w) = lim (r? 2 d (z,w) -h.®l\ E 1 {z-w)l®l + ^ <p a [z — w, oj a )T a (8> T— a 

(3.20) 

Notice that the summation is taken over r^r ()A.28j) . This r-matrix satisfies the classical Yang- 
Baxter equation: 

[ri2,ri 3 ] + [ri 2 , r 23 ] + [ri 3 , r 23 ] = (3.21) 
For the dynamical r-matrix we have: 

TV P (3.22) 

Ei(z -w)Y, Eu ® Eu + Y, 4>( z ~ w , Uij) E ij ® Eji - Ex(uij) En <g) Ejj 



The modified classical Yang-Baxter equation 



[ri2, r 13 ] + [r 12 , r 23 ] + [r 13 , r 23 ] + D^raa - ^ 2 V 13 + Z>J 3) n 2 = 0, (3.23) 



In the standard basis the operator is written as follows: 



N 



-°! = E £ « ® 1 1 a " 



i=i 

It should be mentioned that the r-matrix (|3.22|) without the last on term also satisfies (|3,23p . 
The reason is that it can be removed by the dynamical twist (see e.g. [3D] or |24|). 

Note, that the both r-matrices r BD ()3.20p and r F ()3.22p are particular cases of the general 
form fl2JH). 

3.4 General Quantum f?-Matrices for SL(iV, C)-Bundles 

Let us consider the basis (ETT31 in GL(iV,C) ~ GL(p,C) x GL(/,C), where N = Ip, l,p G Z: 

E? j = E ij ®T a , ^egl(>,C), r egl(Z,C), (3.24) 

where E^- is a standard matrix basis in the fundamental representation of GL(p, C) and T a is 
the basis of GL(/,C) defined in (|X29j) . From fOUj) it follows that: 

= «a,6^^ +6 ( 3 - 25 ) 
Now let us introduce the following i?-matrix: 

fl 12 (u, ^) = E E z ) E tj ® E ^ + jZ P% E l, ® ^ (3-26) 

where 

r i?'( u ; z ) = r ij( z ) = V-a(-Uij ~ Sijk, z) , pVj = <j)(-lUij, IK) , 



4 We will also use notation 5 a ,oPij = p% in order to keep uniformity in formulae. 
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_ _ a\ + ra 2 

In particular, if p = 1, (/ = N) then (|3.26|) coincides with (|3,16l ). For p = N (I = 1) we 
come to (|3.18p . In this way the elliptic R- matrix (|3,26p unifies the dynamical and non-dynamical 
cases. 

Consider dependence of R(u, z) on z and u. The shifts of z yield (see (|A.37[> ) 

R(u, z + l) = Q pxp R(u, z)Q pxp , fl(u, z + r) = e;(u + h)A pxp R(u, z)A~^ p ei(-u - K) , 

where Q pxp and A pxp act on the second factor of the basis (|3.24p . and the adjoint transformation 
by e;(u + h) acts on the first factor as Ey — > e;(iij — Uj + 5ijh)Eij. This conditions define the 
characteristic class of bundle. 

Consider quasi-periodicities of i?(u, z), (u G f)o) with respect shifts of the weight lattice Pi 
or the root lattice Qi in t)o (see (|3.6p . (j3.7|) . Let 7 = (mi, . . . , m p ) G Pj, or Q; and T p (^,z) = 
e(^z) = diag(e(miz), . . . , e(m p z)) It follows from (|3.26p and (|A.38|) that 

R(u + 7, z) = R(u, z) , R(u + r 7 , z) = (T" 1 ^ z) ® Jd0i2(u, z)(T J ,( 7j z) (8) Id,) . 

It means that i?(u, z) is a section of trivial bundle over the moduli spaces (|3.6p . (|3.7p . 

Now we prove the main result of the paper: 
Theorem 3.1 The R-Matrix 113.26}) satisfies the Quantum Dynamical Yang-Baxter equation 

Proof : 

By analogy with the notation "check" "from (|3.19p we use "acute" 'for the indication of 
possible shift of the argument of R23 (in the r.h.s. of (|3.15p ) and "tilde" ~for R12 (in the r.h.s. 
of (|3.15p ). Let us write down equation (|3.15p explicitly: 

l.h.s. = Y, 

r1~ c (z - W )fc mn {z)r^- C (w) E^E c mn ® E^E^E^ ® E^ n E b + c + 
r«f c (z - w)f c mn (z)p%{w) E*- c E c mn ® Ej~ a E® s E® a E^ n E^+ 




(3.27) 



(3.28) 
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where the sums are taken over all indicafl Using (|3T25j) and (TOT]) we get 

l.h.s. = 22 

K0,0K a ,bK 2 a+2b,c L f^ C {z - w)f c jn {z)r^~ c (w) Ef n ® EJ^ E b ni + 



S b -c K ,0K afi K 2 a+2b,c $is ^(z - w)f c jn { Z ) p'^ {w) Ef n ® EJ" ® E^ + 

5 ,c Ko,oK a , b K 2a+ 2b,c S is r a ^ c {z - w)p c jl (z)rj b - c {w) Ej^ ® E b H + 

Sa,c K0,0«a,b«2a+26,c 4s P%j°(z ~ w)f c mn {z)r-^ C { W ) E a mn ® E~£~ b ® E b nk + 

5 ,c5 b ,-c H0,0K a ,bK2a + 2b,c 4 K~ C (z - w)p C ^{z)pT b - c (w) E§ ® E^ a ~ b ® E^+ 
6 a , c Sb,-c K 0:0 K atb K2a+2b,c 4s Pma( z ~ W Y mn ( z )Pam C ( w ) E mn ® E aa~ b ® E nm+ 
^O.A.c K ,0Ka,bK2a+2b,c 4s P^i 2 ~ W ) P^yl{ Z ) r kl~ C E ~n ® ® ^/fc + 

$0,c<fo,-c<$a,c K ,0K a , b ft;2a+2fe, C 4s P^a°( Z ~ W ) P^i 2 ) Pa^ ( W ) E W ® £ aa" 6 ® ^ = 



(3.29) 



r.h.s. = 22 



K0,0«6 ) aKc,2a+26 4"An/^ "(^ " ® ^fcfc ® 

<$6,-c K ,0K6,aKc,2a+2fe V^™ ~~ W ) r mi( z ) Pji^" ( w ) E mj ® ^ji^ ® + 

<5 , C «0,0«6,aKc,2a+26 4*4 " E tj ® ^W°" 6 ® ^fc + 

5a,c «0,0K6,aK C ,2a+2b 4™4m #£" C (« ~ U ') r mn WC/^H E a mn ® E£~ h ® #f m + 



(3.30) 



0O, c *6,-c K0,0Kb,aK Ci 2a+2fe - («0 ^ ® ^ ® ^/3 + 

4~A,c K ,0«V«c,2a+26 V^™ & C ( Z ~ w ) r mn (^Pan^M S mn ® E aa~ b ® - E 'nm + 
<5(),A,c K0,0Kfe, a K c ,2a+26 <VAfc ^""(^ ~ (z)f~ b ~ C (w) E^ ® E^"" 6 ® £?f fc + 

'08 



5o,A-A,c «0,0«6,a«c,2aH-2& 4>A/3 P*a{ Z ~ w ) P^i 2 ) Pa/3 C ( W ) E ll ® "^aa & ® ^ 



The notation Stm here (for example, in the first line of (|3.3U|) ) means that the corresponding fjy 
has the shift of the argument utj by — h if k = m and by +K when j = m. 

Making change of summation variable c —> —c — b in the l.h.s. (|3.29p we get the same factor 
Ko,oK a ,bK2a+2b,c -» ^o,o«fe,aK c ,2a+2b for both sides due to f|A.31[) : 

l.h.s. = 22 

«0,0«6,a«c,2a+26 4. ^ +6+c (z - ^^(^r?-^) ® I^" 6 (g) ^+ 

<5o, c K , K b , aKc , 2a+2b 5 is r a + b+c (z - w)f- b - c {z)p' ij {w) Ef n ® ® 

Vc ^0,0H,a^,2a+26 <5 iS ^+ fe+C (z - (z)^ (w) E§ ® ® 

5a+b,-c «0,0Kb 1 aKc,2a+26 4s P^"^ " ^)r- b n " C (z)^ m (u;) ^ n ® E^~ b ® ^ fe + 



(3.31) 



<$0,A-c «0,0«6,a« C ,2a+2ft ^ +&+C (^ " w) pj^ (z) p^( W ) E% ® ^ a " b ® 
5 a+6 _ c 5 ,c «0,0K6,aK C ,2a+2fe 4s P^ 6+C (^ ~ w ) f mn C ( z )Pa m ( w ) E mn ® £ aa~ J ® ^nm + 

<5 6 - c ^a+6-c Wo,0«6,a«c ) 2a+26 4s P^^Z - w)p- b - C {z)r c kl {w) E^ E^~ b ® Bf fc + 
*0,c«5fc -A+6 ,- C K0,0«6,a«c,2a+2ft 4s/0^ fe+C (^ - w)?^ ^)^^) E^ ® ® 



3 Here and elsewhere we shall omit the indices and limits of summation when it can be done without ambiguity 
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r.h.s. = Y 

«o ) o«6 > a«c,2a+26 8 qm S tm f a k j c (z - w)r c mk (z)r k b - c (w) E a mj ® E~ k a ~ b ® £* m + 

S ,c «O,0K6,a«c,2a+26 ^ A " w)pi k (z)r^ c (w) ^ ® ^fc^ ® ^Jfe+ 



(3.32) 



5o,c4,-c K ,0K6, a K Ci 2a+2fe 4^/3 *tf~ C (* ~ W )Pifi( Z )P"jP~ C ( W ) E ij ® ^jT^ ® S /?/3 + 
4 ,-A,c K ,0Kfe,aK c ,2a+2b tfgm&m /^a^ ~ ™)C( 2 )/'a«~ C ( ! ") ^mn ® £ a« 4 ® - B nm + 

<5(),A,c «0,0Kfe,a«c,2o+26 Vy<^ P^O ~ W H* ( Z Ykl~ C ( W ) E ll ® ^feT" 6 ® + 
<fo,c<5& ,-A,c ^0,QHb, a K,c,2a+2b SqyStp Pya°( Z ~ w)p^(z)^~p~ C (w) ^77 ® "^aa" 6 ® 

A careful check shows that the equality (j3.31B3.52]) holds. The general idea of the verification is 
the following: if a ^ —b the proof is similar to the one given for the non-dynamical case (|3.16p 
and if a = — b the equality is achieved by "p"-term in the i?-matrix via summation of (jA.42j) 
over c. 

Let us demonstrate the verification for some concrete cases: 



l.h.S. = Y K 0,0Kb, a K c ,2a+2b ( 

cer, 

4r?+ b+c (z - w)f kj b - c (z)rf k (w) + 4A + 6,-c<W pT^ z ~ ^^(^M 

r.h.S. = Y «0,0Kb, a K Ci 2a+26 ( 

~Sj qi r a k j c (z - w)rl k (z)r k b - c (w) + ~5j qi 6 a , c 5 b> „ c p a jk c (z - w)r^(z)^ e (w) 



(3.33) 



Index s in the l.h.s. of (j3.33j) is responsible for the possible shift of argument in f. In this 
case we can see that it does not match the corresponding arguments. The same holds for indices 
t and q. Thus there are no any shifts in this case. Now combining the first terms from both 
sides we get: 

Y K 0flKb,aKc,2a+2b ( 

cer, 

fa+b+c(z ~ W, U ik + UJ a + U) b + W c )(y9_ fe _ c (z, U kj - UJ b - LO c )ip c {w, U ik + UJ C ) - 
(fa-c(z ~ W, U k j +UJ a ~ UJ c )cp c (z, Uik + UJ c )<P-b-c(w, U k j ~ Ul b - U) c )) = S a ,_6«o,0^ ( ^ ^ 

<f>(lH, -lUj k )<Pa{z, Uij + U a )4>(lh, -lu k j) - </>(lH, -lu ik )<Pa(z, Uij + U) a )(j){lh, ~lu ki )) 

Let us examine the l.h.s. of (j3.34j) . Due to (jA.42j) it simplifies to: 
1. For a —b mod . 

Lh.S.^iM]) = (f a (z,UJ a + Uij)(p- a - b (w, -UJ a - U) b ) Y K 0,0 K b,aK c ,2a+2b ( 

Ei(u ik + uj a + u b + u) c ) - Ei(u k j +uj a - u c ) + Ei(u k j - uj b - u c ) - Ei(u ik + ui c )) = 
exactly as in (|3.17|) . 



6 Here and elsewhere we imply unequal lower indices while the upper may be dependent, e.g. a = —6 or a — 
or b = 0. Note also that the summution will be taken only over c. 
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2. For a = —b mod Z^: 



Sa-bKooPa( Z > U ij + w «) E ( E 2(u ik + CJ C ) - £7 2 («jy +U a - UJ C )) =° 

cer ; (3.35) 

<5a -aKoo^a^, + uj a )l 2 (E 2 (lu ik ) - E 2 (lu kj )) = rAs. (|3.34j) 



ZAs. = £ Ko,oH,aK c ,2a+264^ + '' +c (z-u;)f^^ c (z)r^(u;) = 
ce r ! 

r./l.S. = J] K0,0Kfe,aK c ,2a+26 ( (3.36) 

cer ; 

5j qi f?- c (z - w)rUz)rJ- c (w) + <5 6) _A, C 4^ /^TO* " ^H^/^H 

Notice that the shift of u takes place in all arguments. Further check is similar to the previous 
case. Indeed: 

Yl K 0flKb,aKc,2a+2b ( 

cer, 

Lp a+b+c (z -w,u a + uj b + u; c + h)ip- b ^ c (z, mj -Ub — w c — h)ip c (w, lo c + K) - (3.37) 

<f a -c(z - W, Uij +UJ a -UJ c - H)<p c (z, UJ C + h)if_ b _ c (w, U{j - UJ b - U} c - K)) = 
ba-bKl fl l 2 (j>{lh, -luji - lK)cp a (z, Uij + U a )(j)(lK, -lUij + IK) 

Ef 3 ® E~r h g E) k : 

5c,0¥a+b+c{z - W, U ik + UJ a +UJ b + U) c )(p- b - c (z, U k j - L0 b - U) c )<j)(lK, -lu ik ) + 

Sc-a-^lK, -lu ik )<p-b-c(z, Uij ~u b - uj c )(p c (w, u ki + u c ) = (3.38) 

$c,0<Pa-c(z - W, Uij +UJ a - U} c )<p(lh, -lUi k )<P-b-c(w, U k j ~ U b - bJ c ) 

or 

(fa+b(z ~ W,U ik +UJ a + UJ b )(p_ b (z,U k j ~ U b ) + 

<Pa{z,Uij + Ua)P~a-b{W,U ki - UJ a - u b ) = (3.39) 
(fi a (z - W, Uij + UJ a )(p- b {w, Ukj - CJb) 



3.5 Trigonometric and Rational Limits 

We can calculate the trigonometric limit 9mr — > +00 of the elliptic i?-matrix (|3.26|) using (jA.lip 
and (TOBT) 

r^(u, z) = e E z ) E ?i ® E 7 + E ® ^J3. 

a / x _ J cot 7rz + cot n(uij + 77 + <%/i) a 2 = , 
Ti ^ z) -\ e ((f + l)z)sin- 1 vrz ' a 2 /0. 

sin7r(Z/i — /ujj) 
p y = sin7r(/^)sinvr(/n ii ) ' "' "' " 



7 We will also use notation 5 a ,oPij = p% in order to keep uniformity in formulae. 
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Going to the rational limit we find 



1 h «2^0. 



1 1 

p% = — + 



Trlh irluji 



For elliptic Baxter i?-matrix there exists another trigonometric and rational limits [94 
l95| 196] . This construction can be generalized to SL(iV, C) elliptic matrix This approach can be 
applied in our case as well. We will not develop this issue here. 



4 Dynamical /^-Matrices and Integrable systems 
4.1 IRF models 

Following [T] we construct the Boltzmann weights of the interaction-round-the-face models start- 
ing with the quantum i?-matrices described above. Let /i 6 \f be a weight of (fj, E f)*) of the 
vector representation of sl(iV, C) in V. In other words we have iV weights 

Py = {/i i = ^(-l ! ...,-l,7V-l,-l,...,-l), (j = l,...,N)}, (4.1) 

where N — 1 stays on the j place. Let V[fij] be the corresponding component of the space V, 
and E[fij] : V — > V[fij] is a projection. In our case all V[/j,j] are one-dimensional. 

Define the local states a, b,c,d G \f of the IRF model b — a = /X4, c — 6 = /U3, d — c = ^2, 
d — a = fj,\, where all weights from Py ()4.ip . satisfy the equality /ii + ^2 = ^3 + ^4- 

Define the map W(a, b, c, <i) : <X> V^ 2 — > V M4 (8) V^ 3 by means of the i?-matrix 

W(a, b, c, d, z, u) = E[c - b] <g) #[& - a]i?(u + /ia + frc, z)|y[d-a]®vq c -d] • (4.2) 

In fact W{a + u, 6 + u, c + u, d + u, u, z — 2hu) is independent on u. In this way we can define 
the Boltzmann weights of the IRF model as W(a, b, c, d, z) = W(a,b,c,d,0, z). The partition 
function of the IRF model takes the form 

Z= W(ciij, Ojj+i, aj-ij+i, aj_ij_i) , 

iaftice 




/*3 
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If R satisfies quantum dynamical Yang-Baxter (QDYB) equation (|3.15p . then W obeys 
Star- Triangle relations [2] 

W 12 (b, c, d, g, z 12 )W 13 (a, b, g, f, z 13 )W 23 (f, 9, d, c, z 23) = 

9 

W 23 (a, b, c, g, z 23 )W 13 (g, c, d, e, z 13 )W 12 (a, g, e, f, z X2 ) . 

9 

on V[f — a]® V[e — f] ® V[d — e] providing the integrability of the model. 
4.2 Elliptic Quantum Groups 

Let R be a solution of QDYB. Define the quantum Lax operator L(y, u, S, z) as a map of f)o x C 
to Aut(V). Here S are generators of SL(iV, C) acting on the module V, and [ijj, Uk] = hSjk- The 
Lax operator satisfies the equation 

R 12 (z-w,u + he 3 )L 1 (u-he 2 ,z)L 2 (u+he 1 ,w) = L 2 (u-he\ w)L 1 (u+he 2 )R 12 (u-he 3 u, z-w) , 

(4.3) 

where L 1 = L® Id, L 2 = Id® L. 

Assume that L(y, u, z, S) satisfies the quasi-periodicity conditions (|2,lip and the weight zero 
condition (|2.14p . The relation (|4,3p defines the quadratic algebra with respect to u and S. This 
algebra is the Felder elliptic quantum group [2] for the trivial bundles and R (|3.18p . In the case 
R (|3.16p we come to the Sklyanin-Feigin-Odesski algebras [18 1 \19 \ l20l [60] . 

In the classical limit L = L(y, u, S, z) becomes the classical Lax operator for interacting tops 
described in section 3.1. The angular momentum variable S belongs to the coadjoint SL(p, C) 
orbit corresponding after quantization to the representation V . M01 In this way we obtain the 
quadratic Poisson algebras 

{L\u,S),L 2 (u,S)} = [r(u),I 1 (u,S) 1 L 2 (u 1 S)] 

defining the Poisson structure on the phase space of interacting tops. 

5 Appendix: Elliptic Functions 

5.1 Basic Definitions and Properties 

Let q = exp(27rir), where r is the modular parameter of the elliptic curve E T . The basic element 
is the theta function: 

0(z\t) = q 1 * ^(-l) n e(-n(n + l)r + nz) (A.l) 

neZ 

oo 

= gie-^e*** - e^*) JJ(1 - q n )(l - q n e 2i7TZ )(l - g n e" 2mz ) . (e(x) = exp2^x) 

71=1 

The Eisenstein functions 

E 1 (z\T) = d z \og$(z\T), E 1 (z\T)~^-2r h z, (A.2) 

MOl: Here V is a representation of SL(7V, C), but not SL(p, C) ? Or we deal here with restriction of 
irreducible SL(iV, C)-module V to reducible SL(p, C) modules. 
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where 

3 ^ ^ 1 _ 24 7]'(t) 

m=— oo n=— oo v ' i \ i 

and t](t) = gal Yln>o(^ ~ 1™) ls ^ ne Dedekind function. 



E 2 {z\r) = -d z E x (z\r) = d 2 logtf(z|r), E 2 {z\T)~^- + 2 m . (A.4) 



1 



z 



2 



The higher Eisenstein functions 



E M = -^y9^E 2 (z), (j>2). (A.5) 

Relation to the Weierstrass functions 

C(z,t)=E 1 (z,t) + 2tj 1 (t)z, (A.6) 

p(z,r) =E 2 {z,t)-2t ]1 {t). (A.7) 
The next important function is 

^"• z ' = • (A ' 8) 

(f>(u, z) = <f)(z,u) , 4>(—u,—z) = —(j)(u,z). (A. 9) 

It has a pole at z = and 

*) = ~ + £i(u) + ^(£ 2 (u) - p(u)) + . . . . (A.10) 

Trigonometric limit for </>(it, z) follows from (|A. 1[) 

sin7r(z + u) 

lim z = v ; . (A.ll) 

3mT-t+oo sin irz sin 7ru 

Let f(u,z) = d u <p(u,z). Then 

f(u,z) = (t>(u,z)(E 1 (u + z)-E 1 (u)). (A.12) 

ifeai equation 

d T (j)(u, w) - -^—d u d w <f)(u, w) = . (A.13) 

Quasi-periodicity 

${z + 1) = , 0(z + r) = -g-5 e - 2wi2 ??(z), (A.14) 

E x {z + l) =E 1 (z), E x (z + t) = E x {z) - 2m , (A.15) 

£ 2 (z + l) = £ 2 (z), E 2 (z + t) = E 2 (z) , (A.16) 

^(u, 2 + 1) = <f>(u, z) , <P{u,z + t) = e~ 2mu (t){u,z). (A.17) 

f(u,z + l) = f(u,z), f(u,z + r) = e- 2mu f(u,z)-27n(l ) (u,z). (A.18) 
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The Fay three-section formula: 

(f>(Ul,Zl)(f>(u2, Z 2 ) - <j){u\ + U 2 , Zl)(j)(U2, z 2 - z\) - (j)(ui + u 2 , z 2 )(p(u 1 ,z 1 - z 2 ) = . (A.19) 
Particular cases of this formula is the Calogero functional equation 

<t>(u, z)d v 4>(v, z) - cj)(v, z)d u cj)(u, z) = (E 2 (u) - E 2 (v))4>{u + v,z) , (A.20) 



(j){u, z)(p(-u, z) = E 2 (z) - E 2 (u). 
Another important relation is 

4>(v , z — w)4>(ui — v, z)(ft(u 2 + v, w) — 4>{ui — u 2 — v, z — w)4>{u 2 + v, z)(p(ui — v, w) 

(f)(ui,z)(p(u2,w)f(u 1 ,U2,v) , 

where 

f(ui, u 2 ,v) = Ei(v) - E\{u\ - u 2 - v) + Ei(u\ - v) - Ei(u 2 + v) . 
Taking limit u 2 — > in ()A.22p we obtain: 

4>{v , z — w)4>(ui — v, z)(p(v, w) — 4>{u\ — v, z — w)4>(v, z)4>(ui — V , w ) = 

(f)(u 1 ,z)(E 2 (v) - E 2 (m - v)), 
which is equivalent to (|A.20j) due to (|A.12j) . 

Theta functions with characteristics: 
For a, b G Q by definition: 



a 
b 



(z, T ) = Y,e{(j + a) 2 - + {j + a){z + b)) . 



In particular, the function -Q (|A.ip is a theta function with characteristics: 



1/2 
1/2 



(x,t) . 



Properties: 



a 
b 



a 
b 



(z + 1,t) = e(a)9 



(z + a'r, r) = e ( ~a' 2 ^ - a'(z + b) ' 



a 
b 





r), 




a + a' 




b 



a + j 
b 



(z,r) = 



a 
b 



(z,t), j€Z. 



(A.21) 
(A.22) 

(A.23) 
(A.24) 



(A.25) 
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5.2 Lie Group GL(N, C) and Elliptic Functions 

Introduce the notation (see [92 ) 



and two matrices 



2ni 

e N {z) = exp(— z) 



Q = diag(ejv(l), • • ■ ,e N (m), . . . , 1) 
/ 1 ••• \ 



A 



1 





V i o o 



1 

o / 



(A.26) 



(A.27) 



We have QA = exp -(2S)AQ. Let 



r N = z% ] = {z/nz®z/nz), r N = z^ 



5(2) _ r»(2) 



\ (o, o) 



(A.28) 



a 2 



be the two-dimensional lattice of order A'" 2 and A^ 2 — 1 correspondingly. The matrices Q ai A 

(2) ~ 

a = (01,02) G Z]y generate a basis in the group GL(N,C), while Q Q1 A a2 , a = (01,02) G Z]y 
generate a basis in the Lie algebra gl(N, C). Consider the projective representation of Z]y in 
GL{N,C) 

a^T a = JLe N (^)Q^A a ^ , (A.29) 



2m 

AT 



2 

a x b 



T a T b — K a b T a+b , K a b — -r-^e/Vv , 

2m 2 



), (a x b = a\b 2 - a 2 h) 



Let us mention some simple properties of k: 

2 



N 
2~kI 



N 



N 



2m 2m 



(A.30) 



(A.31) 



Note that n a b can be interpreted as a non-trivial two-cocycle in H 2 (Z^ \Z 2 n). It follows 
from (gHU) that 

[T a ,T p ] = C{a,P)T a + p , (A.32) 
where C(a,f3) = -^sin-^(a x j3) are the structure constants of gl(AT, C). 



Deformed Elliptic Functions 



<Pa(v> z ) = e N (a 2 z)(j)(uj a + rj,z), to a = Ql \^ 2T , a G Z^ , 7? G £ r : 



A r 



and 



¥>J?(u, z) = e ((«, P)z)<f>({u + kt, p) + 
Trigonometric limit for (p a (r],z) (see ()A.11|) 



lim <Pa(v,z) 



cot ttz + cot 7r(r/ + ^) 02 = . 

_L 1 ^ 'y^ citi 1 

N 



e((22- + l)z) sin -1 7tz a 2 / . 



(A.33) 
(A.34) 

(A.35) 



It follows from (|A.17[) that ip a (z,rj) is well defined on Z N : 



Pa+civ, z ) = <Pa(r), z ) > for c i,2 G Z mod AT 



(A.36) 
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ip a (r],z + 1) = e N (o2)(p a (r),z) , <p a (rj,z + t) = e N (-ai - Nr])ip a (r],z) . (A. 37) 

(p a (ri + l,z) = (p a (rj,z) , (f a (ji + T,z) = e(-z)(p a (r],z) . (A.38) 
For (p^(u,z) (|A.34p we have 



<pf(u, z + l) = e ««, 0)<pf(vL, z) , ^(u, z + r) = e(-(u, /?) - T )^(u, *) . (A.39) 

allowing forrm 
periodic properties: 



I 

The following formulae can be proved directly by checking the structure of poles and quasi- 



E 2 (z + cj a ) = N 2 E 2 (Nz) (A.40) 



By analogy with (|A~19l) and (jA.22HA.24p we have: 

fa+b(z - W,U + U a + LO b )ip_ b (z, V - U> b ) + (f a (z, U + V + UJ a )ip_ a _ b (w, -U - 0J a - U b ) , . 

= ^(z - W,U + V + UJ a )ip- b {w,V - UJ b ) ' 

tPa+b+c(z ~ W,U + UJ a +U b + UJ c )(f_ b _ c (z, V -UJ b - LO c )ip c (w, U + U) c )- ,^ . 

99 a _ c (z - 10, U + W a - UJ c )ip c (z, U + UJ c )ip_ b _ c (w, V - U b - U c ) = ' 



lf a (z,UJ a + U + v)tp- a -b(w, -0J a ~ U b ){Ei(u + U a + U b + UJ C ) - E X {v + U) a - 0J C ) + 

7 (2) 



Ex(v - 0J b - uj c ) - E 1 (u + oj c )), if a + b / mod ^ (2) 



(2) 

(p a (z,uj a + u + v)(E 2 (u + uj c ) - E 2 (v + uj a - u! c )), if a + 6 = mod Zy . 
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